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In complex systems with many degrees of freedom such as biomolecular systems, conventional Monte Carlo and molecular
dynamics simulations in canonical ensemble or isobaric—isothermal ensemble suffer from the multiple-minima problem,
resulting in entrapment in states of energy local minima. A simulation in generalized ensemble performs a random walk in
specified variables and overcomes this difficulty. In this article we review the generalized-ensemble algorithms.
Multicanonical algorithm is described first. In this method, a random walk in potential energy space is realized and the
simulation can avoid the multiple-minima problem. We then present two new generalized-ensemble algorithms, namely
multioverlap algorithm and multibaric—multithermal algorithm, which are multi-variable/multi-dimensional extensions of
the multicanonical algorithm. In the former method, a random walk in overlap space is realized, and in the latter that in both
potential energy space and volume space is obtained. Emphasis is laid in the description of the molecular dynamics versions
of these algorithms.

Keywords: Molecular dynamics simulation; Generalized-ensemble algorithms; Multicanonical algorithm; Multioverlap algorithm;

Multibaric—multithermal algorithm

1. Introduction

Since the pioneering work of Nosé about two decades ago
[1,2], molecular dynamics (MD) simulations that yield
realistic statistical mechanical ensembles have been
widely used. Examples of realistic physical ensembles
are the canonical ensemble where the number of particles,
volume, and temperature of the systems are constant
(NVT ensemble) and the isobaric—isothermal ensemble
where the number of particles, pressure, and temperature
are constant (NPT ensemble). While by far the most
popular Monte Carlo (MC) method that reproduces the
canonical ensemble is the Metropolis algorithm [3], there
are several widely employed MD methods for this
ensemble [1,2,4—8]. Likewise, there are a MC method
[9] and several MD methods [1,2,4,10—13] that reproduce
the isobaric—isothermal ensemble. These simulation
algorithms have been extensively applied to many fields
of computational science.

In complex systems such as spin systems and protein
systems, however, conventional simulations at low
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temperatures in the canonical ensemble and those at low
temperatures or high pressures in the isobaric—isothermal
ensemble tend to get trapped in states of energy local
minima, which are separated by high energy barriers. In
order to overcome this difficulty, simulations in artificial,
generalized ensembles are commonly employed. This
class of simulation methods are often referred to as the
generalized-ensemble algorithms (for recent reviews, see,
e.g. Refs. [14,15]). In a generalized-ensemble simulation,
each state is weighted by a non-Boltzmann probability
weight factor so that a random walk in potential energy
space may be realized. The random walk allows the
simulation to escape from any energy barrier and to
sample much wider configurational space than by
conventional methods.

One of the most well-known generalized-ensemble
methods is perhaps multicanonical algorithm (MUCA)
[16,17] (for a textbook see, e.g. Ref. [18]). The
probability weight factor, which is referred to as the
multicanonical weight factor, is defined to be inversely
proportional to the density of states so that a flat
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distribution in potential energy may be obtained. The
uniform distribution induces a free random walk in the
potential energy space, and the multiple-minima
problem is overcome. MUCA was first applied to spin
systems (see, e.g. Refs. [19-24]). MUCA was also
introduced to the molecular simulation field [25].
Molecular dynamics version of MUCA was then
developed [26-28]. MUCA and its generalizations
have been extensively used in many applications in
protein and related systems [14,15].

Soon after its development, the idea of MUCA was
extended so that a flat distribution in magnetization
instead of potential energy may be obtained (hence, it was
referred to as multimagnetic algorithm) [20]. MUCA has
further been extended so that flat distributions in other
parameters and/or multidimensional parameter space may
be realized [21,29-33].

In this article, we first describe both MC and MD
versions of MUCA. We then present two of newly-
developed generalized-ensemble algorithms that are
multidimensional/multicomponent extensions of MUCA.
Emphasis will be laid in the description of the MD
versions of these algorithms. One is the multioverlap
algorithm (MUOV), which performs a random walk in
the overlap space instead of the potential energy space
(see Ref. [34] for the MC version and Refs. [35,36] for
the MD version). A similar method was previously
used in spin glass simulations [22,23]. The difference
is: While in Refs. [22,23] the weighting is done for the
self-overlap of two replicas of the system, in the
present method we deal with the overlap with a
predefined configuration. The other method that we
present here is the multibaric—multithermal algorithm
(MUBATH), which realizes a random walk both in the
potential energy space and in the volume space (see
Refs. [37-39] for the MC version and Refs. [40,41] for
the MD version),

In Section 2 we give the methodological details of
the three generalized-ensemble algorithms, namely,
MUCA, MUOV, and MUBATH. In Section 3 we
present the results of applications of MUOV MD and
MUBATH MD simulations. Section 4 is devoted to
conclusions.

2. Generalized-ensemble algorithms

2.1 Multicanonical algorithm

Let us consider a system of N atoms of mass my (k =

1, ...,N) with their coordinate vectors and momentum
vectors denoted by q=1{q1,...,qn} and
p = {pi1, ...,pn}, respectively. The Hamiltonian H(q, p)

of the system is the sum of the kinetic energy K(p) and the
potential energy E(q):

H(q,p) = K(p) + E(g), ey

where

N
P
ka '

K(p)= 2

k=1

In the canonical ensemble at temperature 7, each state
x = (g, p) with the Hamiltonian H(g, p) is weighted by the
Boltzmann factor:

Wg(x; To) = exp (—BoH(q, P)), 3)

where the inverse temperature [, is defined by By =
1/kgTy (kg is the Boltzmann constant) and after the
semicolon (;) we have written explicitly some of the fixed
parameters in this ensemble (temperature here). The
average kinetic energy at temperature 7 is given by

(K, = ZNji — 2 Nig Ty, )
T\ & 2my 2

To

Because the coordinates ¢ and momenta p are
decoupled in equation (1), we can suppress the kinetic
energy part and can write the Boltzmann factor as

Wg(x; To) = We(E;To) = exp (—Bok). )

The canonical probability distribution of potential energy
Pg(E; Ty) at temperature T is then given by the product of
the density of states n(E) and the Boltzmann weight factor
Wg(E; To):

Pp(E;To) < n(E)Wg(E; To). (6)

Because n(E) is a rapidly increasing function and
Wg(E; Ty) decreases exponentially, the canonical ensem-
ble yields a bell-shaped potential energy distribution
which has a maximum around the average energy at
temperature 7,. The conventional MC or MD simulations
at constant temperature are expected to yield Pg(E; T)). A
MC simulation based on the Metropolis algorithm [3] is
performed with the following transition probability from
a state x of potential energy E to a state x' of potential
energy E':

w(x— x') = min (1 —WB(EI; TO))

" Wg(E; Ty)
= min (1, exp[—Bo(E' — E)]). (7

A MD simulation, on the other hand, is based on the
following Newton equations of motion:

Di

g =—, (8)
s
. oF
pi=——=Fy, )
Gk

where F; is the force acting on the kth atom
(k=1,...,N). This set of equations actually yield the
microcanonical ensemble, and we have to add a
thermostat in order to obtain the canonical ensemble at
temperature T,. Here, we just follow Nosé’s prescription
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[1,2], and we have

qk=p_k> (]O)
M
. oE § s
Pe=—7——-Pr=Fr—-ps, (1)
oqr s s
. Ps
§=85—, (12)
0

2
L — 3NkgTy = 3Nkg(T(t) — Ty),  (13)

1 1

3=

P =

where s is Nosé’s scaling parameter, Q is its mass, P is its
conjugate momentum, and the “instantaneous tempera-
ture” 7(¢) is defined by

_ L &Gy
T(t)—3NkB; ot (14)

Given the prescriptions for MC or MD simulations, it is
still very difficult to obtain accurate canonical distri-
butions of complex systems at low temperatures. This is
because simulations at low temperatures tend to get
trapped in one or a few of local-minimum-energy states.

In the multicanonical algorithm (MUCA) [16,17], on
the other hand, each state is weighted by a non-Boltzmann
weight factor Wiy (E) (which we refer to as the
multicanonical weight factor) so that a uniform potential
energy distribution Py, (E) is obtained:

Piuca(E) o< n(EYW uca(E) = constant. (15)

The flat distribution implies that a free random walk in the
potential energy space is realized in this ensemble. This
allows the simulation to escape from any local minimum-
energy states and to sample the configurational space
much more widely than the conventional canonical MC or
MD methods.

The definition in equation (15) implies that the
multicanonical weight factor is inversely proportional to
the density of states, and we can write it as follows:

1
Winuea(E) = exXp [_BOEmuca(E; To)] = @7 (16)

where we have chosen an arbitrary reference temperature,
Ty = 1/kgPBo, and the “multicanonical potential energy”
is defined by

Enuca(E; To) = kgTolnn(E) = ToS(E) . (17)

Here, S(E) is the entropy in the microcanonical ensemble.

A multicanonical MC simulation is performed, for
instance, with the usual Metropolis criterion [3]: the
transition probability of state x with potential energy E to

state x with potential energy E' is given by

Winuca(E')
’ Wmuca (E)

. ( n(E)>
= min | I,
n(E")

= min (1, exp (_IBOAEmuca))a (18)

w(x— x) = min <l

where
AEmuca = Emuca(E,; To) — Emuca(E5T). (19)

The MD algorithm in the multicanonical ensemble also
naturally follows from equation (16), in which the regular
constant temperature MD simulation (with 7 = Ty) is
performed by replacing E by Eyua in equation (11)
[26,27]:

aEmuca(E; TO) _ §

Pr=" Y 5Pk
OE muca(E; To) §
= Qomeal® T0) S 20
Y kT Pk (20)

In general, the multicanonical weight factor Wyca(E),
or the density of states n(E), is not a priori known, and one
needs its estimator for a numerical simulation. This
estimator is usually obtained from iterations of short trial
simulations. The details of this process are described, for
instance, in Refs. [14,15,18].

After an optimal multicanonical weight factor is
obtained, we perform with this weight factor a multi-
canonical simulation with high statistics (production run).
Let Nmuca(E) be the histogram of potential energy
distribution Pp,ca(E) obtained by this production run.
The best estimate of the density of states can then be given
by the reweighting techniques [42] as follows (see the
proportionality relation in equation (15)):

Numuca(E)

ME) = e B)

(2D
By substituting this quantity into the following equation,
one can calculate the ensemble averages of a physical
quantity A at any temperature 7(= 1/kgf):

YAEPS(ET) > AENE)exp (—BE)

E __E
S PR(E;T) - (22
E

A), =
A ;n(E) exp (—BE)

2.2 Extensions of multicanonical algorithm

While MUCA yields a flat distribution in potential energy
and performs a random walk in potential energy space, we
can, in principle, choose any other variable and induce a
random walk in that variable. One such example is the
multioverlap algorithm (MUOQV) [34-36]. Here, we
choose a protein system and define the overlap in the space
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of dihedral angles by [43]
O0=1-d, (23)

where d is the dihedral-angle distance given by
1
d=—"> d,(6;,6). 24
20 (0 ) 24)

0; is the dihedral angle i, and 9? is the dihedral angle i of
the reference configuration. The distance da(Oi, 0? )
between two dihedral angles is defined by

da (6, 6f) = min (16, — 61,20 — 16, = &1). (25

The dihedral-angle distance d in equation (24) takes a
value in the range 0 = d = 1. If d = 0, all dihedral angles
are coincident with those of the reference configuration.
The dihedral-angle distance is thus an indicator of how
similar the conformation is to the reference conformation.
As one can see in equation (23), the dihedral-angle
distance d is equivalent to the overlap O. We will deal with
the dihedral-angle distance instead of the overlap
hereafter.

In the multioverlap ensemble at a constant temperature
Ty, the probability distribution is given by the following
non-Boltzmann weight factor, which we refer to as the
multioverlap weight factor:

Wonov(d, E; To) = e~ PoFmor (26)

where Epyoy is the “multioverlap potential energy” defined
by

Enuov(d,E;To) = E — kBTQf(d; Ty). (27

The function f(d; Ty) is the dimensionless free energy at
dihedral-angle distance d.

The generalization to the multi-dimensional dihedral-
angle distance space is straightforward, and the multi-
overlap weight factor is given by

Wov(d1, - .., dr, E; To) = e PoEmor

= e*BnE-'rf(d],...,dL;To), (28)

where L is the number of the reference configurations and
d; is the dihedral-angle distance with respect to reference
configuration ii=1,...,L). The function
f(dy, ...,dr;To) is the dimensionless free energy with
the fixed value of dihedral-angle distances d, ...,d;. The
dimensionless free energy f(dy, ...,dr; To) is defined so
that the probability distribution of dihedral-angle dis-

tances Puuov(dy, ...,dr; To) is flat:
Pmuov(dh cee 7dL; Ty) = JdE Pmuov(dla cee 7dL7E; Ty)
o JdE n(d17 cee 7dLa E)Wmuov(dla cee 7dL) E9 TO)

= JdE n(dy, ...,dp,E)e PEH (@ diiTo)
= constant, (29)

where Puuov(di, ...,dr, E;Ty) is the probability distri-
bution of potential energy and dihedral-angle distances,
and n(dy, ...,dr,E) is its density of states.

The MD algorithm in the multioverlap ensemble also
naturally follows from equation (28), in which the regular
constant temperature MD simulation (with 7 = Ty) is
performed by replacing E by En.y in equation (11)
[35,36]:

_ aE‘nll.,l()V
Gk

. Ky
Dk = (dla--de,E;To)—;Pk

J Ky
= Btk To i, o diiTo) = e (30)
13 s

The multioverlap weight factor, or the dimensionless
free energy, is not a priori known and has to be determined
by the usual iterations of short simulations [14,15,18] (see
also Refs. [34—36]). Suppose that we have determined an
appropriate dimensionless free energy f(dy, ...,dr; To) at
temperature 7 and that we have made a production run at
this temperature. The results of the multioverlap
production run can then be analyzed by the reweighting
techniques [42]. Namely, the expectation value of a
physical quantity A at any temperature 7 is given by

(A)r

Z A(dl7"‘adLaE)Nmuov(dl~,"'7dLsE)Wmu0v(dl7"':dL~,E;T0)7]e ~BE
dy,;--dpE

> Nowov(di,++,dr, EYWinor(dy -+, dp, E; To) ' e =RE
dy,dy E

Z A(dl PR =dL7 E)Nmuov(dl PR ,dL,E)E T(BPE=f (e diiTo)
dy,..dp.E

z Nmuwov(dy, ...,d;,E)e —(B=Bo)E—f(dy,....d:To)
dy,...dpE

(€Y

where Npuov(di, ...,dr,E) is the histogram of the
probability distribution Ppyoy(dy, ...,dr,E;Ty) of poten-
tial energy and dihedral-angle distances that was obtained
by the multioverlap production run.

The multioverlap algorithm can further be combined
with the multicanonical algorithm as follows (this method
is referred to as the multicanonical—multioverlap
algorithm) [44]. In analogy with the multicanonical
ensemble in equation (15) or the multioverlap ensemble in
equation (29), by employing the non-Boltzmann weight
factor Wyemo(dy, ...,dr, E), which we refer to as the
multicanonical—multioverlap weight factor, a uniform
probability distribution with respect to the potential
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energy and dihedral-angle distances is obtained:
Poemo(dy, ..., dL, E)
ocn(dy, ...,dr, EYWmnemodi, ... ,dr, E)
= constant. (32)

In this method we obtain a random walk not only in the
potential energy space but also in the dihedral-angle
distance space.

Besides the canonical ensemble, molecular simulations
in the isobaric—isothermal ensemble [1,2,4,9—13] are also
commonly used. This is because most experiments are
carried out under the constant pressure and constant
temperature conditions. The canonical probability distri-
bution Pg(E; Ty) in equation (6) is here replaced by the
isobaric—isothermal distribution Pnpr(E,V; Ty, Py) for
potential energy E and volume V:

Prpr(E, Vi To, Po) = n(E, V)e PH. (33)

Here, the density of states n(E, V) is given as a function of
both E and V, and H is the “enthalpy” (without the kinetic
energy contributions):

H=E+PV, (34)

where P, is the pressure at which simulations are
performed. This weight factor produces an isobaric—
isothermal ensemble at constant temperature (7,) and
constant pressure (Pp). This ensemble has bell-shaped
distributions in both E and V.

As for the MD methods in this ensemble, we just
present the Nosé—Andersen algorithm [1,2,4]. The
equations of motion in equations (10)—(13) are now
generalized as follows:

. )43 V
35
qi = ’ —+ 3qu7 (35)

_0H sV 5V
D 6qk (s + 3V)Pk X ( 3V>Pk7 (36)

=5 37
§ SQ (37

~

— 3NkgTy = 3Nkg(T(t) — T)), (38)

x
I
3=

V=52 (39)

. 1 (Lpr & 0H\ oH
j N —— i | ——
= P(1) — Py, (40)

where M is the artificial mass associated with the volume,
Py is the conjugate momentum for the volume, and the

“instantaneous pressure” P(f) is defined by

N

1 (X pi(r)? oH
PO = (2_1:” ,ff) - Z_]:q,-a)- aT,}”)

N 2
(Z” 0 +Zq,(r) F,(o) 1)

We now introduce the idea of the multicanonical
technique into the isobaric—isothermal ensemble method
and refer to this generalized-ensemble algorithm as the
multibaric —multithermal algorithm (MUBATH) [37—41].
The molecular simulations in this generalized ensemble
perform random walks both in the potential energy space
and in the volume space.

In the multibaric—multithermal ensemble, each state is
sampled by the multibaric—multithermal weight factor
Wun(E, V) = exp{ — BoHm(E, V)} (Hmp is referred to
as the multibaric—multithermal enthalpy) so that a
uniform distribution in both potential energy and volume
is obtained [37]:

P (E, V) o< n(E, V)W (E, V)
= n(E, V)exp{ — BoHmn(E,V)} = constant.  (42)

In order to perform the multibaric—multithermal MD
simulation, we just solve the above equations of motion
(equations (35)—(40)) for the regular isobaric—isothermal
ensemble (with 7 = T and P = Py), where the enthalpy
H is replaced by the multibaric—multithermal enthalpy
H e in equations (36) and (40) [40].

The multibaric—multithermal weight factor is, how-
ever, not a priori known and has to be determined by
the usual iterations of short simulations [14,15,18] (see
also Refs. [37-41]). After an optimal weight factor
Wun(E, V) is obtained, a long production simulation is
performed for data collection. We employ the
reweighting techniques [42] for the results of the
production run to calculate the isobaric—isothermal-
ensemble averages. The probability distribution
Pnpr(E,V; T, P) of potential energy and volume in the
isobaric—isothermal ensemble at the desired tempera-
ture 7 and pressure P is given by

Nioi(E, VIWi(E, V)~ le TBETPY)
S Nutt(E, VIWoun (E, V)~ T BEHFY)
EV

Pxer(E, VT, P) = (43)

where Npw(E,V) is the histogram of the probability
distribution P (E,V) of potential energy and volume that
was obtained by the multibaric—multithermal production run.
The expectation value of a physical quantity A at 7 and P is
then obtained from

(A p="> A(E,V)Pxpr(E, V: T, P). (44)
E\V
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Figure 1. (a) Reference configuration 1 and (b) reference configuration
2. The side chains are suppressed and only backbone structures are
shown. The dotted lines denote the hydrogen bonds. The N-terminus and
the C-terminus are on the right-hand side and on the left-hand side,
respectively. The figures were created with RasMol [47].

3. Results

We now present the results of our simulations based on the
algorithms described in the previous section. The first
example is a multioverlap MD simulation of the system of
a penta peptide, Met-enkephalin, in vacuum [35].
The amino-acid sequence is Tyr—Gly—Gly—Phe—Met.

(@ 04 R e
0.35 |
03
025

0.2

dl

0.15 ittt i L
0.1 I

0.05

time (ps)

(c0o 04 S —
0.35 ¢
0.3
0.25 -

0.2

d1l

0.15

0.1

0.05 -

0! 1
0 5000 10000 15000 20000 25000

time (ps)

0 5000 10000 15000 20000 25000

The N-terminus and the C-terminus were blocked with the
acetyl group and the N-methyl group, respectively. The
force field that we adopted is the CHARMM param 22
parameter set [45]. Our multioverlap MD simulations
were performed by implementing the method in the
CHARMM macromolecular mechanics program [46].

We considered two energy local-minimum states of
Met-enkephalin as reference configurations. In figure 1 we
show these two reference configurations. We then set
L = 2 in equation (28) and the dimensionless free energy
is expressed as f(dy,d»;Ty). The multioverlap MD
simulation was carried out at T, = 300K with a time
step of 0.5 fs.

Figure 2 shows the time series of the dihedral-angle
distances with respect to each of the two reference
configurations. While figure 2(a),(b) are the results of the
conventional canonical MD simulation at Ty = 300K,
figure 2(c),(d) are the results of the multioverlap MD
simulation at the same temperature. When d; = 0, the
values of dihedral angles of backbone completely coincide
with those of reference configuration 1 and d, = 0.122.
Conversely, when d, = 0, d; = 0.122. When d; (d,) is
near zero, the conformation is similar to reference

(0) 04
0.35
03
0.25
N 02
0.15
01 |

0.05
\

0 5000 10000 15000 20000 25000
time (ps)

(d) 04,
0.35
03
0.25 |

0.2 |

d2

0.15 |

0.1

0.05 [mwm

0 [ . i L L A
0 5000 10000 15000 20000 25000
time (ps)

Figure 2. The time series of the dihedral-angle distances d; and d5. (a) and (b) are from the conventional canonical MD simulation, and (c) and (d) are

from the multioverlap MD simulation at 7y = 300 K.
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Figure 3. (a) Average potential energy and (b) specific heat calculated from the multioverlap MD simulation (solid line) and the multicanonical MD

simulation (dashed line) by the reweighting techniques.

conformation 1 (2). Therefore, figure 2 implies that the
multioverlap MD simulation performed a random walk in
the dihedral-angle distance space between reference
configurations 1 and 2, whereas the usual canonical MD
simulation got trapped in a local-minimum state near
configuration 2.

In figure 3 the average potential energy and specific heat
as functions of temperature are shown. They were
calculated from the results of the multioverlap MD
simulation by the reweighting techniques in equation (31).
The results from a multicanonical MD simulation are also
shown as a reference in the figure, because the
multicanonical algorithm is well-known for giving
accurate expectation values for a wide range of
temperature [18]. These results from the multioverlap
MD simulation well coincide with those from the
multicanonical MD simulation between 250 and 350 K.
In the region under 250 K and above 350 K, however, we
see deviations between the results of the two simulations.
The reason is that the multioverlap algorithm samples
conformations in the dihedral-angle distance space but not
in the potential energy space. In other words, the
multioverlap simulation does not necessarily give an

— 1 T 0.5
- ........... ............ .......... loa
o 03
0.2

0.1

S | i
0
0 01 02 03 04 05

d;

accurate estimate of the density of states in wide energy
range. Thus, the expectation value calculated by the
reweighting techniques in equation (31) is correct only in
the neighborhood of temperature Ty at which simulations
were performed. This problem is now solved by
introducing the multicanonical —multioverlap algorithm
defined in equation (32) [44].

The free energy F(d;,d,; T) (or, the potential of mean
force) at temperture 7 is defined by

F(dy,d»;T) = —kgT InPg(di,d>;T), (45)

where Pg(dy,d»;T) is the reweighted canonical prob-
ability distribution of d; and d, at T and given by (see
equation (31))

ZNmuov(dl .d, E)e*(ﬁ*BO)E*f(dl,dz;Tn)

. _ E
PB(dl7d2» T) - Z Nmuov(dl,d27E)ei(ﬁfﬁO)Eff(dladZ;T(]) .

dydrE

(46)

In figure 4 we illustrate the free-energy landscapes with
respect to the dihedral-angle distances that were
calculated from the results of the conventional canonical

Figure 4. The free-energy landscape obtained from (a) the conventional canonical MD simulation and (b) the multioverlap MD simulation at
Ty = 300 K. Contour lines are drawn every 1 kcal/mol. The labels A and B locate the local-minimum states. The label C stands for the saddle point, or

the transition state, between these two local-minimum states.
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Figure 5. (a) The probability distribution Pxpr(E* /N, V* /N) in the isobaric—isothermal MD simulation at (T}, P;) = (2.0,3.0) and (b) the probability
distribution Py (E* /N, V*/N) in the multibaric—multithermal MD simulation.

MD simulation and those of the multioverlap MD
simulation. While in figure 4(a) only one local-minimum
state exists near reference configuration 2, in figure 4(b)
we find a local-minimum state A and a local-minimum
state B near reference configurations 1 and 2, respectively.
This result again implies that the canonical MD simulation
got trapped in the latter local-minimum state. The local-
minimum state B near reference configuration 2
corresponds to the global-minimum state at 300 K. The
local-minimum state A near reference configuration 1 is
another local-minimum state at 300 K. The free-energy
difference between the global-minimum state (B) and the
local-minimum state (A) is about 3 kcal/mol.

The saddle point C in figure 4(b) corresponds to the
transition state between the global-minimum state (B) and
the local-minimum state (A). The free-energy difference
between B and C is about 5 kcal/mol and that between A
and C is 2kcal/mol. Because kgT =~ 0.6kcal/mol at
T = 300K, these barrier heights are rather high. This is
why the conventional canonical MD simulation got
trapped in the vicinity of the global-minimum state B.

We now present the results of a multibaric—multi-
thermal MD simulation [40]. We considered a Lennard—
Jones 12—6 potential system. The length and the energy
are scaled in units of the Lennard—Jones diameter o and
the depth of the potential €, respectively. We use an
asterisk (*) for quantities reduced by o and €.

We used 500 particles (N = 500) in a cubic unit cell
with periodic boundary conditions. We started the

(@-30 (b)
T'=24,P"=3.0
-3.5§ |
—4.0¢
£
45t
T'=16,P'=3.0
-5.5
0 200000 400000 600000 800000 21000000
MD Time Steps

E*IN

multibaric—multithermal weight factor determination
from a regular isobaric—isothermal simulation at 7, =
2.0 and P, =3.0 (the multibaric—multithermal pro-
duction run was also performed at this set of temperature
and pressure values). These temperature and pressure
values are respectively higher than the critical temperature
T and the critical pressure P [48,49]. Recent reliable
data are 7. = 1.3207(4) and P, = 0.1288(5) [49]. The
cutoff radius . was taken to be r. =4.0. A cut-off
correction was added for the pressure and the potential
energy.

In order to carry out the multibaric—multithermal MD
simulation in equations (35)—(40) with the replacement of
H by Hup, we employed the Nosé—Poincaré formalism
[50,51]. This gives the same equations of motion as the
Nosé thermostat and provides a symplectic integrator.
Therefore, it has an advantage that the secular deviation of
the Hamiltonian is suppressed. We have recently shown
that this integrator is also very effective for rigid-body
molecules [52]. We performed a long production run of
10° MD steps.

In figure 5(a) we show the probability distribution
Pnpr(E*/N,V*/N) from the isobaric—isothermal simu-
lation that was carried out first. It is a bell-shaped
distribution. As the iteration of the multibaric—multi-
thermal weight factor determination proceeds,
P (E™/N,V*/N) will become flat and broad gradually.
Figure 5(b) depicts the probability distribution
Pon(E*/N,V*/N) from the multibaric—multithermal

—4.0

—4.5 |
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-55
0 200000 400000 600000 800000 1000000
MD Time Steps

Figure 6. The time series of E* /N from (a) the conventional isobaric—isothermal MD simulations at (T}, Py) = (2.4,3.0) and at (T, P;) = (1.6, 3.0)

and (b) the multibaric—multithermal MD simulation.
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Figure 7. The time series of V*/N from (a) the conventional isobaric—isothermal MD simulations at (T, Py) = (2.0,2.2) and at (T, Py) = (2.0,3.8)

and (b) the multibaric—multithermal MD simulation.

simulation that was finally performed. It shows a flat
distribution, and the multibaric—multithermal MD simu-
lation indeed sampled the configurational space in wider
ranges of E*/N and V*/N than the conventional
isobaric—isothermal MD simulation.

The time series of E*/N from two conventional
isobaric—isothermal MD simulations at (T, Pp) =
(1.6,3.0) and (2.4, 3.0) are given in figure 6(a). The
potential energy fluctuates in narrow ranges of E* /N =
—4.0 ~ —3.5 at the higher temperature of T, = 2.4 and in
the ranges of E*/N = —5.1 ~ —4.7 and at the lower
temperature of T, = 1.6. On the other hand, figure 6(b)
shows that the multibaric—multithermal MD simulation
realizes a random walk in the potential-energy space and
covers a wide energy range.

A similar situation is observed in V*/N. In figure 7(a)
the time series of two conventional isobaric—isothermal
MD simulations at (T, Py) = (2.0,2.2) and (2.0, 3.8) are
shown. The volume fluctuations are only in the range of
VI /N=13 ~ 14and V’/N=15 ~ 1.6 at P, =3.8
and at P, = 2.2, respectively. On the other hand, the
multibaric—multithermal MD simulation performs a
random walk that covers even a wider volume range as
shown in figure 7(b).

4. Conclusions

In this article we first described one of well-known
generalized-ensemble algorithms, namely, multicanonical
algorithm. We then introduced two new generalized-
ensemble algorithms, which we refer to as multioverlap
algorithm and multibaric—multithermal algorithm, as
extensions of the multicanonical algorithm. The former
is useful for studyiing the transition states among specified
configurations, and the latter for investigating pressure
induced transitions of protein and other molecular
systems.

With these new methods available, we believe that we
have working molecular dynamics simulation algorithms
that can yield accurate physical ensembles such as the
canonical and isobaric—isothermal ensembles.
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